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Abstract. In this work we study the Plancherel-Rotach type asymptotics 
for Stieltjes-Wigert orthogonal polynomials with complex scaling. The main 
term of the asymptotics contains Ramanujan function A q (z) for the scaling 
parameter on the vertical line SR(s) = 2, while the main term of the asymptotics 
involves the theta functions for the scaling parameter in the strip < Sft(s) < 2. 
In the latter case the number theoretical property of the scaling parameter 
completely determines the order of the error term. These asymptotic formulas 
may provide some insights to some new random matrix model and also add a 
new link between special functions and number theory. 



1. Introduction 

The Plancherel-Rotach type asymptotics for classical orthogonal polynomials 
are essential to obtain universality results in random matrix theory. The associated 
random matrix models for g-orthogonal polynomials are still unknown today. It 
might be interesting to calculate the Plancherel-Rotach type asymptotics for q- 
orthogonal polynomials to gain some insights to the related random matrix models. 

In [18] we studied Plancherel-Rotach type asymptotics for three families of q- 
orthogonal polynomials with real logarithmic scalings. They are Ismail-Masson 
polynomials {hnixlq)}^^ , Stieltjes-Wigert polynomials {S n (x; <?)}^L and q-Laguerre 

polynomials \ Ln (x;q) } . They are g-orthogonal polynomials associated with 

I J n=0 

indeterminant moment problems. The asymptotics reveal a remarkable pattern 
which is quite different to the pattern associated with the classical Plancherel- 
Rotach asymptotics [211 H3]. The main term of asymptotics may contain Ramanujan 
function A q (z) or theta function according to the value of the scaling parameter. 

In this paper, we study the Plancherel-Rotach type asymptotics for Stieltjes- 
Wigert polynomials under complex scaling. We also have explicit error bounds for 
the asymptotic formulas. When the scaling parameter s is in the vertical strip 
< $l(s) < 2, the order of the error term is completely determined by the number 
theoretical property of the scaling parameter s. 

In |2l we list some facts from g-series and number theory. We present the 
asymptotic formulas for Stieltjes-Wigert polynomials under complex scaling in $3j 
Finally we use a discrete analogue of Laplace method to derive these formulas in 

m 
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Through out this paper, We shall always assume that < q < 1 unless otherwise 
stated. We also assume that s — a + it is a complex number with a = 3?(s) and 
t = 3(s). All the log and power functions are taken as their respective principle 
branches. 

2. Preliminaries 

2.1. Something from g-series. In this paper we follow the usual notation for 
g-series, [6l El S3] 



(1) (a;q) Q :=l (a; q) n := J|(l - aq k ), 



k=0 



n 
k 



(<?; q)r 



and n = 00 is allowed in the above definitions. Assume that \z\ < 1, the g-Binomial 
theorem is [6) l9l [13] 

{az\q)oo ^ (a;q)k k 
which defines an analytic function in the region \z\ < 1. Its limiting case, 

00 fe(fc-l)/2 

(3) (z;q)oo = Y, -, s (- z ) k z ^ c 

k=o {q ' q,k 

is one of many g-exponential identities. Ramanujan function A q (z) is defined as 

[221113 

In order to express our error terms concisely, we also define a related function B q (z), 

OO h 2 h 

fry 

Clearly, 

(6) \A q (z)\ < B q (\z\). 



Since 



and 



1 _ „k+l 

k + l> —1 > (k + l)q k 

1-9 



B' q (\z\) = g |VVl^ + l)<7* 



k=0 

q 



(q;q)k(l-q k+1 ) 



< -^-B q (\z\), 
1-9 



thus, 



(7) \A' q (z)\<B' q {\z\)<^B q {\z\). 
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The theta function, [6} 19} [13] 

OO 

(8) Q(z\q):= J2 

n— — oo 

is clearly defined for any complex number z ^ 0. Jacobi triple product identity is 

(9) Q(z\q) = (q 2 ,-qz, -q/z; q 2 )^. 
Stieltjes-Wigert orthogonal polynomials {S n (x; q)}™ =0 are defined as [13] 

(10) S n (x; q ) = J2 l K ( r\ k ■ 

^ {q;q)k{q;q)n-k 

Let 

(11) s = r + 2 + i^- T,6eR, 

\ogq 

and 

(12) x n (z, S ) = zq- ns . 
Reverse the summation order of (fTOf to get 

S n ( Xn (z, S );q) ^ q k\2nk9^ / q rn,k 

[ ' (-z)« g « 2 (i-) £^{q;q)k{q;q) n -k \ * 

For any real number x, then, 

(14) x = [x\ + {x} , 

where the fractional part of x is {x} £ [0, 1) and [x\ € Z is the greatest integer less 
or equal x. The arithmetic function 

(15) X (n) = 2{|} =n-2[^ , 
which is the principal character modulo 2, 

( l 2\n 
2 | n ' 

We will also make uses of the trivial inequality 

(17) |e z -l| < |z|e |z| 
for any z £ C. The following lemma is from [18j. 
Lemma 2.1. Given any n S N. if a > 0, 

(18) £i% = (ag n ;g)cx> = l + fli(o;») 
(a; a)™ 

(-aa/ 2 ; q) oc aq n 



(16) X(n) 



(19) |i2i(o;n)|< ^ 
wMe /or < ag < 1, 

(20) — 1 = i + R2{a . n) 
{a;q)oo {aq n ;q)oo 
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with 
(21) 



\R 2 {a;n)\ < 



aq" 



(1 - q){aq;q) c 



Proof. It is clear from ([3]) that 



R\{a;n) = ^ 



k{k-l)/2r aq n\k 



k=l 



Hence for a > 0, we have 



00 „fc(fc+l)/2/ nn n\k 

-aq n J2 



k=0 



fe+1 



z fc(fc+l)/2('_ a? n> ) fe 



(«;?) 



fc+i 



1 00 _fc(fc-l)/2 



< 



(-gg ;g) 
1-9 



and lfl9|) follows. Moreover from 



R 2 (a;n) = aq n 



fc=o 



(gg") A 
(9; 9) 



fe+i 



hence 



(a; n) I < 



< 



aq' 



(l-q)(aq n ;q) 00 (1 - q)(aq;q) 00 ' 
which is f2Tj) and the proof of the lemma is complete. 



□ 



2.2. Generalized Irrational Measure. For an irrational number 6, Chebyshev's 
theorem implies that for any real number (3 , there exist infinitely many pairs of 
integers n and m with n > such that [11 j 

3 

(22) n6 = m + f3 + a n with \a n \ < -. 

n 

Clearly, Chebyshev's theorem says that the arithmetic progression {n0} nGZ is er- 
godic in R. 

Definition 2.2. Given real numbers 0j and /3j for j = 1, N, the generalized irra- 
tionality measure uj(0\, . . . , 6n\Pi : ■ ■ ■ , Pn) oi 61, ■ ■ ■ ,0n associated with fii,,..,f3pf 
is defined as the least upper bound of the set of real numbers r such that there 
exist infinitely many integers n and mi, . . . ,mjv with n > such that 

(23) \n9j-0j-mjl < ^ 
for j = 1, . . . , AT. 

Theorem 2.3. Lei 6* fee an irrational number, then for any real number (3, its 
generalized irrational measure associated with [3 is w(9\[3) > 2 . 

Proof. This is a direct consequence of the Chebyshev's theorem. □ 
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The irrationality measure (or Liouville-Roth constant) /«(0) of a real number 9 
is denned as the least upper bound of the set of real numbers r such that [27] 

(24) o < \ n e- m \ < -L T 

is satisfied by an infinite number of integer pairs (n, m) with n > 0. It is clear that 
we have 

(25) w(0 10) = fj,(9). 

A real algebraic number 9 of degree / if it is a root of an irreducible polynomial of 
degree I with integer coefficients. Liouville's theorem in number theory says that 
for a real algebraic number 9 of degree I, there exists a positive constant K(9) such 
that for any integer m and n > we have 

(26) \n9-m\>^l. 

n 1 

A Liouville number is a real number 9 such that for any positive integer / there 
exist infinitely many integers n and m with n > 1 such that [27] 

(27) < 1 7i0 - ml < -j—r, 

TV 1 

and the terms in the continued fraction expansion of every Liouville number are 
unbounded. Even though the set of all Liouville numbers is of Lebesgue measure 
zero, it is known that almost all real numbers are Liouville numbers topologically. 

Theorem 2.4. The generalized irrational measure u)(0\f3) has the following prop- 
erties: 

(1) For any real algebraic number 9 of degree I, one has u>(6\0) < I; 

(2) For a Liouville number 9, one has u>(9\0) = oo. 

Proof. The first assertion follows from the definitior l2.2l and lf26j) while the last 
assertion follows directly from the definitions of the generalized irrational measure 
and the Liouville numbers. □ 

It is clear that the quadratic irrationals 9 such as V2 have oj(8\0) = 2. 

3. Main Results 

Given a real number 9, we define 

(28) S(0) = {{n9} : n e N} . 

When 9 is a rational number, §(0) is a finite subset of [0, 1). When 9 is irrational, 
the set E>(9) is a dense subset of (0,1), which is a consequence of Chebyshev's 
theorem. 

Theorem 3.1. Given any nonzero complex number z, let s and x n (z, s) be defined 
as in (fl5]l and (|12p , we have the following results for Stieltjes- Wigert polynomials: 
(1) When t > 0, we have 

with 

qB q (q 2 \z\^) 



(30) \r sw (n\l)\ < 



(1-9)1* 
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(2) When r = and is a rational number. For any X € there are 

infinitely many pair of integers n and to with n > such that 

(31) n6 = m + X, X = {n9} . 

For each of such integers, 



s);q)(q; q) c 



2\ivi 



(32) ny ^;p^:r = M * J +rM2) 

and the error is majorized as 

(33) |r,„(n|2)|< 2 <-^>- B 'M-) /„-/* + ' 



(«;«)= 1 |2|i»/»JJ- 

for n is sufficiently large. 
(3) Whenr = and 9 is an irrational number. Given any real number (3 g [0, 1) 
and a real number p with 

(34) < p < u(0\0) - 1, 

there are infinitely many pair of integers n and to with n > such that 

(35) n6 = m + [3 + ln | 7 „| < 
Tften 

^(» n (z, a ); g ) _ /e 2 ^\ 

with 

2A{-q i -q) 00 B q {\z\- 1 ) Jlog 2 n tf* 1 



(37) |e at0 (n|3)| < 



(38) 



(9;9)oo [ n p 

and 

g 4 log 2 n 
1 + logg^ 1 

/or n is sufficiently large. 
(4) When —2 < r < and 6o£/i r and # are rational. Assume that for some 
A e §(— r) and some Ai G §(#), iftere are infinite number of positive integers 
n such that 

(39) — tit = m + A, to = [— rnj , A = {— rn} 
and 

(40) n6 = m 1 + \ 1 , X 1 = {n8} . 
Then for each such n, mi, and mi , we have 

(_ z )«a/n 2 (l-s)+Lm/2j(Tn+Lm/2J) 

S n (x n (z,s);q) = -^—^-—^-^^ 

(41) x {6 (- zq x(m)+>> e -2^i | ^ +rsu) ( n |4)| 
with 



ASYMPTOTICS FOR STIELTJES-WIGERT POLYNOMIALS 



7 



(43) 



v„ = mm 



(2 + r)n 



— Til 



(44) 
(45) 
(46) 



for n sufficiently large. 
(5) When —2 < t < , t is rational and is irrational. Given a real number 
13 e [0, 1) let 

< p < u(0\0) - 1, 
iftere are infinitely many positive integers n, 



n9 = mi +l3 + b n , \bj< 



1 



and some A e S(— r) with 

— tit = m + A, m = L~ nr J • 
For each such A, /?, n, m, we /iaue 

(_ z )n (? ™ 2 (l-s)+Lm/2j(™+Lni/2j) 



5„(a;„(^, s);g) 



(47) 



(g;g)^(-ze- 2ne ^)L™/2j 

X {6 (- Z<Z x(m) + A e -2^ | ^ + r5w(n | 5) j 



with 



\r sw {n\5)\ < 



54(-g 3 ; ^6(1^11^) 



(1-9) 2 



(48) 



(49) 



lop 



nP 



and 



q log n 
1 + logg" 1 



/or n sufficiently large. 
(6) When —2 < r < 0, r is irrational and 9 is rational, Given a real number 

13 e [o, l) to 

(50) < p < u(0\0) - 1, 

i/iere are infinitely many positive integers n, 



(51) 



nr = m + /3 + a„, |a„| < 



nP 



and some A e §(0) wii/i 
(52) n0 = mi + A, A = {n6} . 

For each such A, /?, n, m, we ftaue 

(_ z )n (? ™ 2 (l-s)+Lm/2j(™+Lni/2j) 



5„(x„(z,s);g) 



(53) 



(q;g) 2 (-ze- 2 « e ^)L™/2j 
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with 



< 



54(-g 3 ;(Z )Le(|z||V9) 



(I-*?) 2 



(54) 



(55) 



x l\z\ v »<f» + 



log n 
nP 



and 



q 4 log n 
l + logg- ] 



for n sufficiently large. 
(7) When —2 < r < , both r and 6> are irrational. Assume that there exist 
two real numbers Pi, 02 G [0, 1) with u>(— r, 0|/3i, /fe) > 1- TTien for any 

(56) O<p<w(-T,0|/?i,/3 2 )-l 

i/iere are infinitely many positive integers n such that 

1 



(57) 



™ = m + /3i + a„, |a„| < 



and 



(58) 



(59) 



(60) 



n6> = mi + /3 2 + 6n, \b„\ < —■ 
For each such j3\, f32,n,m, we have 

(_ z )"g™ 2 (l-s)+Lm/2j(rn+Lm/2j) 



S n (x n (z, s);q) = 



with 



(q;g)^(-ze- 2 " e ™)LW2j 



_ zq x(m)+Pi e -2^i J q 



,(n|7)} 



|r«„(n|7)| < 



54(-g 3 ;(7 )^e(|z||yg) 



(1-9) 2 



RF 7 



log n 
nP 



(61) 



g 4 log n 
1 + logg -1 



/or n sufficiently large. 



Remark 3.2. In the cases when only r or 9 is irrational, say t, if it is an algebraic 
number of degree I, then we could take the corresponding (3 = 0, and the order of 
the error term is no better than 0(n 1 ~ l ), when this number is a Liouville number, 
however, the order of the error term is better than any 0(n~ k ). It is clear that the 
scaling i!12[| with r < —2 won't give us anything interesting. 
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4. Stieltjes-Wigert Polynomials 
In this section, we have used the following inequalities 
(62) 0<(a;q) n <l, (-b,q) n >l 

for 0<o<l,6>0 and for n € N or n = oo. In the proofs |4~D44.3I we will use the 
inequalities 

(<?; q)c 



(63) < 
for < k < n and 

(64) p^o. . 
for < k < I w J • This can be seen from 

(9; <l) 



(9; q)n- 



< 1 



< 



(-g 3 ;g)oog" /2 
(1-9) 



(65) , , 

{q;q)n-k 

and Lemma [2TT1 

In the proofs I4~4l44.7[ we have 

(66) 
and 



(67) 



Ri(q;n-k) + 1 



2 < t < 0. 



2 + r -t 



2 < ^„ < n min { - , — }< - 



for n sufficiently large. Assume that 

(68) — to = m + Cn, < c n < 1, < m = [~™J 1 



(69) 
Then 



n# = mi + d n , < c?„ < 1, mi = 
S n (x n (z,s);q) 

(_ z )«gn 2 (l-s) 



E 



(q;q)k(q;q)n-k 



k=0 

Lm/2J k 2 p 2nkeni 



E 

fc=0 



{q;q)k{q;q)n-k \ z 



(70) 



E 

fe=Lm/2j+l 

Si + s 2 . 



„/e 2 J2nk9-ni 

(q;q)k(q;q) n -k V z 



We reverse the summation order in si to obtain 

S i( g ;g)L(-ze- 2 " g ")LW2j _ LW'J 

„lm/2lfrr7.+ lm/2l1 9 

fc=0 



with 
(72) 



g |m/2J(rn+|m/2J) 

e(/c, n) = 



„ Z qX(™)+c„ e -2iri, 



(<?;<?) Lm/2j-fc(<?; q) 71— [_m/2j+ft 
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Since < g < 1, it is clear that 

(73) \e(k,n)\<l 
for < k < [f J . Observe that 

(74) e(k,n) = {^(q; [yj - k) + l} n - 
By Lemma |2~H we get 

3(-g 3 ;g)L^" +2 



J +k) + i} 



(75) 



|e(*,n)-l| < 



for < k < v n - 1. 

In sum S2 we shift summation from k to k + [^J to get 



(76) 

with 
(77) 



g2 (g;g)g (-ze- 2 "^)LW2J 

„L"i/2j(™+Lm/2j) 



/(fc,n) 



n— [m/2] 



g * (m '- c "e M ") /(fc,n) 



fc=i 



(95 9) 



a)|m/2j+fc(<?; 9)n-Lm/2j-fe 

for 1 < k < n - [f J . Hence 

(78) |/(fc,n)|<l 

for 1 < k < n - [f\ ■ Apply Lemma IO to 



(79) f(k,n) = [R^q; 
we obtain 



k) + l}{Ri(q;n- [~ J - k) + l} 



(80) 

for 1 < A; < f„ — 1. 



l/(M)-i| < 



3. „\2 „«/ n +2 



3(-g 3 ;g) 2 oog 



4.1. Proof for the case r > . 
Proof. From (fl3"ll one has 

c 



(81) 
and 
(82) 



(_ z )r l(? n2(l-s) 



1 + r sw (n\T), 



.("|1) = E 



n 1,2 

<T e 



/c=i 



(g;<?)fc V z ) (v,q) 



/71—k 
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Thus 



Mn\D\ < t f, ^ (f" X/ 

£-{ {q;q)k {q;q) n -k \ \z\ 
q k ' 2 (q TnS 

^ (a- a\t. \ Izl 



fe= 1(9;?)fe 



oo 



< 



q k ( q Tn 



T — 

t~i (<?;?)* \ \z 

(83) < ^ 2 I Z '~V 

(83) " (i- 9 )N 9 • 



4.2. Proof for the case t = and 9 rational. 

Proof. We have 



(x n (z,s);q)(q; q) 

2.^ 177- 



k A / 2\-ki 



{-z) n q n2 ^-°) ^ {q;q)k(q;q)n- k \ z 



k 



E 



q 



k / „2\ni 



fc=0 te«)fc V * 



y 

L«/2j_-i gfc2 , e 2A W ix* r (g;g)c 



+ E 

fc=0 
n 

+ E 



, , (q;q)k \ z J { {q;q)n-k 
q k2 ( e^\ k {q-qU 



k = V n/2\ v z > {q;q)n-k 



/ e 2A7r« \ 

(84) = A q ( — — J + si + s 2 + s 3 . 
Then 

fc=t/2j ^ 

(85) - o g^CM- 1 ) 
and 

(86) W < (-^^N-tf^. 

Therefore 

(87) «^^ = A ,(f^) +r „ ( „ |2) 



□ 
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with 

(88) r sw (n\2) = si + s 2 + s 3 

and 



4.3. Proof for the case t = and 9 irrational. 

Proof. Assume that 



(90) 

we have 



S n (x n (z,s);q) 

(_ z y q n2(l-s) 



(91) 
Then, 



q 4 log n 
1 + \ogq~ 1 



E 



T? n (i;q)k(q;q)n-k 



k=0 



- E 



„k 2 



fe=0 

oc 

- V 

Vn—l 

+ E 



q 



fe=0 



+ E 



fc=0 



E 

k—v n 



= A n 



(q;q)k 

q K 

(q;q)k 



(q;q)k 

2mf3 



D 2iriP 



27Ti/3 



D 27Ti/3 



(g; g)oo 
(q;q)n-k 



(q;q) 



{q\q) n -k 



°° | e 27rifc7„ 



{q;q)n-k 

+ si + s 2 + s 3 + s 4 . 



00 ^2-Kikin 



\S1+Si\ < 2^ 



k—u n 



q k \z\ k 

(q;q)k 



(92) 

for n sufficiently large. 
Clearly, we also have 

(93) 

and 

(94) 



< 



2g g (iz|-y 



<<; ^ 
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for sufficiently large n. Hence, 

(95) N < i-^M^^n 

(1 — q) n p 

and 

(96) |e 2 ™^ - 1| < ^ie 2 -»/« P < 
and 

(97) m < 24 ^ (| -;; )iog2n 

for n sufficiently large. 
Let 

(98) e sw (n\3) = sx + s 2 + s 3 + Si, 
then, 



S n (x n (z,s);q) A fe 2 ^- 

Ite, 

2A(-q 3 ;q) OQ B q (\z\- 1 ) j log 2 n , <^ 



(99) (-^(i-.) =^( — ) 
with 

(100) |e«,(n|3)| < 



(g;?)oo | np \z\ v « j 

for n sufficiently large. □ 
4.4. Proof for the case —2 < r < rational and rational. 

Proof. Assume that 

(101) z/„ = mm <^ 

From (|71"Tl we get 

o /„. „\2 I „ -2neni\\m/2\ l m / 2 l k 

•^'^ ) - ( -- ( 1 , ^ g fc2 (-zq^)+^ e - 2 ^) e(fc,n) 



„Lm/2j(rn+Lm/2j) 



OC 



fc 

, > -: , \ \ 

q i-zq" " e 



k=0 

oo 



£ «" ( 



-zg x( ' m - )+A e _2,riAl ' 



+ £ q k2 (-zq^ +x e- 2 ^) (e(k,n) - 1) 

fc=0 

LW 2 J fc 

+ E (-^ x(m)+A e- 2 " Al ) e(fc,n) 

h=u n 

k 



(102) = ]Tg fc (-z^M+ A e - 2 - A +Sll + Sl2 + Sl3 



k=0 
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Then, 



(103) 
and 



(104) 

Let 

(105) 

then, 



X(m)+A 



\su + s 12 \ < 2^q#(\z\q 

k—u n 

oo 

<2 \z\»»q<J2l k2 

k=0 

< 20(1*1 | y/q)fyr 



x(m)+\ 



M < 



< 



3( q 3 ;q) 2 ooQ Un J- q k * (\z\q^ +x ) k 



k=0 



3(-g 3 ;g)LQ(kl | yg)g"" 

{1-qY 



ri(n) = sn + s 12 + s 13 , 



H k=0 



(107) |n(n)| < 

From (|76"1) we obtain, 

S2 (q;q)l o {~ze~ 2n0 ^ m ^ 



3(-^;q) 2 oo e(\z\\ y /q) (- , 2| ^ „. 
(1-3) 



9 



|m/2j(Tn+|m/2J) 



(108) 



{<f»i*r+<f*}. 



n-|m/2J 



^ g r - z -y^V" Al ) f(k,n) 



k=l 



oo 

£ «'(-«- 



g x(m)-Ag27rjAi 



fc=l 



fe=Z/n 

EV (-«- 1 ?- x(m) - A e 25riAl )* (/(fe,n) - 1) 
fe=i 

n-Lm/2j 



k — U n 



^ 2 (~ z( i 



k=-l 



7 x(m)+A e -2'7riAi 



S21 + S22 + S23, 
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then, 

k 



\s2i + s 23 \ < 2^ g fc2 (|z|- 1 



q-x(m)-\ 



- \ z r 

— z \z\ 1 ' n 
(109) < ^Ml^ 

for n sufficiently large. For the sum S22, we have 

is 1 < 3 (-g 3 ;^" +2 fV 

3(-g^g)^n ~ 

nin , < 3(- g 3 ;g)L9(kM7g)g-" 

V iiU J — /"I „\2 



Hence 



(»») £?M ffe&7^ - E )* + •*) 



fc=-l 



with 

(112) r 2 (n) = 821 + S22 + S23 

and 

(us) |r»(»)| < {rrW2 Y 

Thus 
(114) 

{ _ ze -2 n e, i)lmmSn{Xn{ZiS ^ q){q . q)lo ^ 

(-z)™ g » 2 ( 1 - s )+L™/2j(rn+Lm/2J) ~ U V 9 1 V 5W ^ W 

with 

(115) |r sw (n|4)| < (1 - g )2 ] g +4 \ z \ + f 

for n sufficiently large. □ 

4.5. Proof for the case 2 < t < rational and irrational. 

Proof. The existence of A with infinitely many positive integers n satisfying lj45j) 
and |46|) is guaranteed by the fact that S(— r) is a finite set. 
It is clear that for sufficiently large n, we have 
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From ([Til , 

Sl (q;g)^(-z e - 2 " e -) L " l/2j "' 21 



; |m/2j(Tn+|m/2j) 



q k2 (^-zq^ m '> +x e~ 27ril3 - 27Tlb "^ e(k,n) 

k=0 

oo 

Ei" 2 



k=0 



«*" (-zqxW+ x e- 2 ™P 

u n -l 



J2 I"* (-zg x(m)+A e^ 2 " l/3 ) {e~ 2fc7 " b " - 1} 

fc=0 

'„-i k 

J2 <l k2 (-zg x(m)+A e- 27rl/3 ) e - 2k " b - {e{k,n) - 1} 



Ym/2\ 



k—u n 
oo 

(117) = £g fc2 ( 



fe=0 



then 



\s u +s u \ < 2j2l k 



k—v n 

oo 

(118) < 20(|z| | ^q)\z\ Vn q<. 

For sufficiently large n, we have 



24f„ ^ „fc 2 i z |fc 



(119) < 



24G(]«| | V?) log 2 n 



and 



m < 3( 'f: 9) y +2 E^ 2 N fc 

^ ^ fc=0 



(120) < 
Hence, 



3(- g J ;g) 2 oo e(|z| | yg) log^n 
(1-q) 2 nP 



y fc=0 
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with 

(122) n(n) = su + S12 + si 3 + S14 
and 

(123) |n(n)|< 7 r - r ^ |N "9" + -^- 

for n sufficiently large. 
From (17611 we obtain 



o l^-^2 / „_-2n07ri\|>n/2J n-[m/2\ 



f Lm/2J(rn+Lm/2J) 



and 



. - X (m)-A e 2/37T, ~ '" 



k=l 

k 



Q k (-z-iq-x^-^™) e 2k ^f(k,n) 

k=l 

OO 

6=1 
OO 

- J2 «*" (-^ 1 g- x(ro) - A e 2 ^ i )' 

fe= f n 

+ S (-^ 1 ^ x(mKA e 2 ^) " {e 2tolb " - 1} 
fe=i 

fe=l 

n- |m/2j fe 
+ Z g fe2 (-z- 1 q-^( m )- A e 2 ' 37r M e 2k ™ bn f(k,n) 

k=v n 

— oo , 

(124) = ^ g fc2 (-zq^ m )+ A e- 2 ^) ' + s 21 + s 22 + s 2 3 + s 24 , 

fe=-i 

then 

oo 

k21+S24| < 2 £ <Z fc2 ~ 2fc M- fc 
h=v n 

oo 

26(1*1 | ^)<f 



I'- 

fc=0 

(125) < 



^ i CO 



fe=0 



(126) K 24g)(|z||^)log 2 n 
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and 



< 



3(-g 3 ;g)L^" 



, 107 , . 3(-g 3 ;g)g o e(|z| | yg) log 2 n 

S (l-,j)2 nP ■ 

for n sufficiently large. Therefore 

y k=-l 

with 

(129) r 2 (n) = s 2 i + S22 + «23 + s 24 
and 

n „ m , , ^ 27(-g 3 ;g)Le(|z||yg) [g^ log 2 n ) 

(130) |r2(n)l (T^p 1 + ~ J 

for n sufficiently large. Combine (| 1 2 1 j) and (j 1 28[) we get 
(131) 

{ _ ze -2ne, i)lm/ 2 iSn{Xn{ZiS) . q){q . q) 2 x 

{- Z Y q nHl-s)+\_ m /2\(rn+\m/2\) ~ U \ Z 1 G I <2J T r sw (n\0) 

with 

(132) r sw (n|5) =n(n) + ra(n) 
and 

1 r km < 54(-g 3 ; g ) 2 oo e(|z||yg) f n „ 2 <^/ 2 i og 2 n\ 

(133) |r su ,(n|5)|< ^— j \z\ "9 - + — + — ^- j 

for n sufficiently large. □ 



4.6. Proof for the case 2 < r < irrational and 9 rational. 
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Proof. [Proof of — 1 < r < negative irrational and 9 rational] This proof is very 
similar to the proof when r is rational while 9 is irrational. We just observe that 



(134) 



and 
(135) 



si(g;<z)L(-^~ 2 " e ") [TO/2J 

q [m/2\ (rn+|m/2J) 
Lm / 2 J , x k 

= E (-zqxM +fi+a "e- 2 * iX ) e(k,n) 



fe=0 

oo 



= E« fe2 (-^ xM+/ V 2 ™ A ) ' 

fc=0 

oc fe 

- E (-^ x(m)+/3 e- 2 " A ) 

fc= l/ n 

+ E ^ (-^ xM+,3 e- 27r4A ) fc |g fca " - 1} 

fc=0 

+ ^ (-2<z x(m)+/ V 2 ™ A ) g fca " {e(k,n) - 1} 

fc=0 

L, ™ /2J , V k 

+ q k2 (-zq x(m)+P e- 27TlX ) g fea "e(fc,n), 



q \rn/2\ (rn+|m/2j) 
n-[m/2j 



= £ ^ (-2~V x(m)_/3 e 2A7H ) q- ka ~f{k,n) 
fe=l 

= E (-^ x(m)+/3 e- 27riA ) 
fe=-i 

oo , 
k=i/ n 

+ (-^ 1 ?- x(ro) - /3 e 2A -) fe {g- feo " - 1} 

fc=i 

+ E (-^- 1 ? _x(ro) - /3 e 2A,ri ) g - fca " {/(fc,n) - 1} 
fc=i 

+ E ^ (-^V**" 0- ^ 2 **') q- ka ~f{k,n). 



□ 



4.7. Proof for the case —2 < t < irrational and irrational. 
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Proof. In this case we have 

Si{q . q) 2 A _ ze -2ne^ )Vm /2\ 
K ' q ym/2\{Tn+ym/2\) 
lm/2\ 



= E q k2 (-zq^ + ^ +a -e- 2 ^- 2 ^) e(k,n) 

k=0 

°° h 

= ^2 qk2 (^-zq x(m)+,3l e _27^^,32 ^ 

fe=0 

CO £ 

^ ^fe 2 ^_ Z(? x(™)+/3l e -27ri/32^ 

fe=i/„ 

+ £ Q k ' 2 (-zqx^+^e- 2 ^) {q ka - - 1} 

fe=0 

v n -y k 

k=a 

+ J2 I 1 "" (-zq^+^e-^^y e- 2kmb ~q ka - {e{k,n) - 1} 
Lm/2J 2 \fc 



and 
(137) 



k=v n 



S2(q;q) 2 QC (-ze- 2ne ^ m / 2 i 
q [_m/2\ { T n+\m/2\) 

n-\rn/2\ 

= E 1^ (-z^q-^-^e 2 ^) e 2k ^q- ka -f(k,n) 
fe=l 

_ zq x{m)+t3 le -20 2 iri" h 



fc=-l 



= E (- 

C=-l 

oc 

- E ^ (-z- 1 g- x(m) - /3l e 2/32m )' 

+ S 9 fe2 (-^- 1 9- x(ro) - /3l e 2/3 ^ i ) fe {e 2kmK - 1} 
fe=i 

fe=l 

+ S ^ (-^- 1 9 _x(m) - /3l e 2/32 ") e 2fe7 r ib tl ^-fea n {/( fcjn ) _ 1} 
fe=l 

n- Lm/2J fc 

^ q k " ^-^-tW-ft^) e 2fc ™%- fca ".f(fc,n). 
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To finish the proof, we have to estimate the sums above, but they are very similar 
to what we have done in the other cases, we won't repeat these details here. □ 

References 

[1] N. I. Akhiezer, The Classical Moment Problem and Some Related Questions in Analysis, 

English translation, Oliver and Boyed, Edinburgh, 1965. 
[2] Tom Apostol, Modular Functions and Dirichlet Series in Number Theory, Second Edition, 

Springer- Verlag, New York, 1990. 
[3] G. E. Andrews, q-series: Their development and application in analysis, number theory, 

combinatorics, physics, and computer algebra, CBMS Regional Conference Series, number 

66, American Mathematical Society, Providence, R.I. 1986. 
[4] G. E. Andrews, Ramanujan's "Lost" Note book VIII: The entire Rogers-Ramanujan function, 

Advances in Math. 191 (2005), 393-407. 
[5] G. E. Andrews, Ramanujan's "Lost" Note book IX: The entire Rogers-Ramanujan function, 

Advances in Math. 191 (2005), 408-422. 
[6] G. E. Andrews, R. A. Askey, and R. Roy, Special Functions, Cambridge University Press, 

Cambridge, 1999. 

[7] P. Deift, Orthogonal Polynomials and Random Matrices: a Riemann-Hilbert Approach, 
American Mathematical Society, Providence, 2000. 

[8] P. Deift, T. Kriecherbauer, K. T-R. McLaughlin, S. Venakides, and X. Zhou, Strong asymp- 
totics of orthogonal polynomials with respect to exponential weights, Comm. Pure Appl. 
Math. 52 (1999), 1491-1552. 

[9] G. Gasper and M. Rahman, Basic Hypergeometric Series, second edition Cambridge Univer- 
sity Press, Cambridge, 2004. 
[10] W. K. Hayman, On the zeros of a q-Bessel function, Contemporary Mathematics, volume 

382, American Mathematical Society, Providence, 2005, 205-216. 
[11] Hua Loo Keng, Introduction to Number Theory, Springer- Verlag, Berlin Heidelberg New 
York, 1982. 

[12] M. E. H. Ismail, Asymptotics of q-orthogonal polynomials and a q-Airy function, Internat. 

Math. Res. Notices 2005 No 18 (2005), 1063-1088. 
[13] M. E. H. Ismail, Classical and Quantum Orthogonal Polynomials in one Variable, Cambridge 

University Press, Cambridge, 2005. 
[14] M. E. H. Ismail and X. Li, Bounds for extreme zeros of orthogonal polynomials, Proc. Amer. 

Math. Soc. 115 (1992), 131-140. 
[15] M. E. H. Ismail and D. R. Masson, q-Hermite polynomials, biorthogonal rational functions, 

Trans. Amer. Math. Soc. 346 (1994), 63-116. 
[16] M. E. H. Ismail and C. Zhang, Zeros of entire functions and a problem of Ramanujan, 

Advances in Math., (2007), to appear. 
[17] M. E. H. Ismail and R. Zhang, Scaled asymptotics for q-polynomials, Comptes Rendus, 

submitted. 

[18] M. E. H. Ismail and R. Zhang, Chaotic and Periodic Asymptotics for q-Orthogonal Polyno- 
mials, joint with Mourad E.H. Ismail, International Mathematics Research Notices, accepted. 

[19] K. Kajiwara, T. Masuda, M. Noumi, Y. Ohta, Y. Yamada, Hypergeometric solutions to the 
q-Painlev\'{e} equations, Internat. Math. Res. Notices 47 (2004), 2497-2521. 

[20] R. Koekoek and R. Swarttouw, The Askey-scheme of hypergeometric orthogonal polynomials 
and its q-analogues, Reports of the Faculty of Technical Mathematics and Informatics no. 
98-17, Delft University of Technology, Delft, 1998. 

[21] M. L. Mehta, Random Matrices, third edition, Elsevier, Amsterdam, 2004. 

[22] S. Ramanujan, The Lost Notebook and Other Unpublished Papers (Introduction by G. E. 
Andrews), Narosa, New Delhi, 1988. 

[23] E. B. Saff and V. Totik, Logarithmic Potentials With External Fields, Springer- Verlag, New 
York, 1997. 

[24] G. Szego, Orthogonal Polynomials, Fourth Edition, Amer. Math. Soc, Providence, 1975. 

[25] R. Wong, Asymptotic Approximations of Integrals, Academic Press, Boston, 1989. 

[26] E. T. Whittaker and G. N. Watson, A Course of Modern Analysis, fourth edition, Cambridge 

University Press, Cambridge, 1927. 
[27] Wikipedia.org, http://en.wikipedia.org/wiki/Liouville_ number. 



ASYMPTOTICS FOR STIELTJES-WIGERT POLYNOMIALS 



22 



[28] Ruiming Zhang, Plancherel-Rotach Asymptotics for Ismail-Masson Polynomials with Com- 
plex Scaling. 

[29] Ruiming Zhang, Plancherel-Rotach Asymptotics for q-Laguerre Polynomials with Complex 
Scaling. 

Current address: School of Mathematics, Guangxi Normal University, Guilin City, Guangxi 
541004, P. R. China. 

E-mail address: ruimingzhang@yahoo.com 



